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Table 2 Normalized airfoil drag coef� cients

Cd =Ca
d0

Rec ® D 0 deg ® D 5 deg ® D 10 deg

57 £ 103 0.6155 0.8534 0.9389
100£ 103 0.7054 0.3870 0.2475
150£ 103 —— —— 0.7596

aDrag coef� cient without excitation/drag coef� cient with excitation.

that acoustic excitation signi� cantly narrows the wake at all three
angles of attack. Notice that once the separationon both sides of the
airfoil has been suppressed at ® D 0 deg (Fig. 1a), the mean pro� le
is symmetric as expected. In addition,the wake shifts down, follow-
ing the incline of the trailing edge at ® D 5 and ® D 10 deg (Figs. 1b
and 1c), similar to airfoilwakes at high Reynolds numbers when the
Kutta condition is satis� ed.

A quantitative analysis of the effect of acoustic excitation
on airfoil performance is based on the drag coef� cient results
(Table 2), obtained by integration of the mean-wake pro� les. The
most signi� cant reduction of the drag coef� cient is achieved for
Rec D 100 £ 103, with the drag coef� cient reduced by 75% at
® D 10 deg. It is also obvious that a greater decrease of the drag co-
ef� cient is achieved for Rec D 100 £ 103 than for Rec D 57 £ 103,
except for Rec D 57 £ 103 at ® D 0 deg. Indeed, separation regions,
comparable in size for these two Reynolds numbers at correspond-
ing anglesof attack,were only reducedfor Rec D 57 £ 103, whereas
they were suppressed for Rec D 100 £ 103 with the same power in-
put. It can be concludedthathigheramplitudeexcitationsare needed
to in� uence the airfoil performance at lower Reynolds numbers.
Note that decrease of the drag coef� cient for Rec D 100£ 103 be-
comes more pronounced as the angle of attack increases (Table 2).
This trend is due to suppression of the separation region, which in-
creases as angle of attack increases.The improvement of the airfoil
performance for Rec D 150 £ 103 is less signi� cant than it is for
the Rec D 100 £ 103. Nevertheless,a separationregion on the upper
surface of the airfoil was suppressed by acoustic excitation, and a
24% decrease of the drag coef� cient resulted.

To assess the effect of acoustic excitation on coherent structures
in the airfoil wake, transverse velocity component spectra Evv are
presented. Figure 2 shows the Evv spectra for Rec D 100 £ 103 at
x=c D 3. The peaks in the spectra associatedwith the unexcited� ow
are clear evidenceof vortex shedding in the airfoilwake at all angles
of attack. Peaks correspondingto 0-, 5-, and 10-deg angles of attack
centred at 20, 20, and 14 Hz are strongly attenuated,broadenedand
shifted to 30, 40, and 40 Hz, respectively, suggesting that vortex
coherency and length scale are decreased by acoustic excitation. It
can also be inferred from comparison of the results in Fig. 2 and
Table 1 that the optimum excitation frequency does not match the
vortex-shedding frequency but is an order of magnitude greater. It
is speculated that the optimum frequencies found in this investiga-
tionmatch the separatedshear layer instabilityfrequencies,agreeing
with the results of Refs. 2 and 4. Note that the effect of the acous-
tic excitation on the vortex shedding for this Reynolds number is
similar to the effect on the drag coef� cient (Table 2) because a more
signi� cant diminishment of the peaks in the spectra is achieved for
higher angles of attack.

Conclusions
External acoustic excitationat particular frequenciesand suitable

amplitudes can substantially reduce or suppress the separation re-
gion of an airfoil so that an increase in lift and/or a decrease in drag
result. The effect of the excitation strongly depends on the excita-
tion frequencyand amplitude. In particular, the effective-frequency
range decreases with a decrease of the excitation amplitude. For a
constant amplitude excitation, this range narrows with a decrease
of the Reynolds number or increase of the angle of attack. It is
speculated that the optimum frequencies found in this investigation
match separated shear-layer instability frequencies, in agreement
with Refs. 2 and 4. The results also suggest that higher amplitude
excitations are needed to in� uence the airfoil performance at lower
Reynolds numbers.

The acoustic excitation alters wake structure, decreasing the vor-
tex length scale and the coherencyof the vortices. Also, the magni-
tude of the acousticexcitationeffecton the wake structurecorrelates
with the extent of the improvement in the airfoil performance.
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I. Introduction

W HEN using a “perfect” computer model of a structure to op-
timize its dynamic (vibration) performance, the results rely

on the exactness of the model and can in practice be very sensitive
to small changes in design variables. This is especially the case in
the mid- and high-frequency regions where modal overlap occurs.
To assess this, the multidimensional gradient of the search space
at the current design point can be approximated, or changes in the
performance of the structure caused by “local” variations in design
variables can be calculated. Both of these normally carry a high
computationalexpense, especially for high-dimensionalproblems.

Here the optimization of a structure using genetic algorithms
(GA)1 is described, for which the robustness of the structure’s per-
formance is also considered.One type of GA used ef� cient methods
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Fig. 1 Best optimization structure geometry using nominal performance only to minimize vibration transmission along the structure.

to estimate local variations about the current design point, and an-
otherwas a previouslyreportednoisyphenotypeGA in what appears
to be its � rst reported application to a dimensionally large problem.
Comparisons are made of the effectiveness and ef� ciency of these
methods.

II. Optimization Problem
The authors previously reported the optimization of the dynamic

performance of a 40-beam two-dimensional lightweight cantilever
truss space structure to minimize the vibration transmission from
the base to the end of the structure.2 The structure consisted of
10 square bays, each with a diagonal element. The Euler–Bernoulli
beams had identical properties: axial rigidityD 69:80 MN, bend-
ing rigidityD 12:86 kNm2 , and mass per unit lengthD 2:74 kg/m.
The structural damping of each of the normal uncoupled beams
modes was � xed to have a bandwidth of 20 s¡1 . A GA was used to
minimize the vibrational energy transmission by optimizing the x
and y coordinates of the 18 middle joints, represented by vector x.
A � tness function representing the average vibrational energy level
in the right-most beam between 175 and 195 Hz, f .x/, was used.
This was calculated using a modal dynamic receptance analysis,
as described in the reference. The best structure geometry found is
shown in Fig. 1, which achieved a reduction of 47.5 dB in f .x/.

The sensitivity of the evaluation of f .x/ was studied by adding
sets of geometric perturbationsand reevaluating the average vibra-
tional energy level. Some structures were more robust than others,
and a structure that is nominally superior is not always the best in
practice. The average deterioration of the mean performance was
found to be by 5.2 dB (5.0 dB for the structure shown in Fig. 1),
although for one structure this � gure was as high as 10.5 dB. This
analysis is discussed in the following section. The idea behind the
work describedhere is to use the perturbed(geometry)performance
of the structure during the GA instead of a postoptimizationsensi-
tivity analysis,so as to produceoptimal and robustdesign solutions.

III. Robust Optimization Methods
Both the strategiesconsideredrequirereevaluationsof theaverage

energylevelwith slightlyalteredgeometries(exceptin onecase) and
thus increase the computationaleffort required by a factor, denoted
by N .

A. Computer Experiment Methods
The sensitivity of any intermediate or � nal design solution in the

face of small geometric perturbations can be studied by adding a
set of N perturbation vectors (1xi ) to x to generate a perturbed
objective function vector f p of length N (Ref. 2). For a structure
design x j

f p
j .i/ D f .x j C 1xi /; i D 1; N (1)

A 95% probability limit f95 can be used to estimate the perfor-
mance [the largest value of f .x/ in this case] that is only expected
to be exceeded for 5% of perturbations. f95 is de� ned as

num
£

f p
j < f95.x j /

¤
D 0:95N (2)

where num[] de� nes the number of elements of f p
j satisfying the

condition. Previously the authors used this measure to evaluate the
robustnessof the � nal designs resulting from the GA.2 1xi was uni-
formly distributedover range§v, where v D 0:01 m in this instance.
An accurate estimate of f95 was achieved with N D 300 (denoted

f95:300). The precise value of v was found not to be important if the
magnitude were small and within the “linear” range of the struc-
ture’s geometrically perturbed performance.2 It is not practical to
use f95:300 as the � tness function during optimization as this would
increase the computationaleffort required by a factor of N .D 300/.
More ef� cient estimates of f95 were used.

1. One-at-a-Time Experiments ( Of95:O AT )

So-called one-at-a-time (OAT) experiments are extensively used
in engineering. Here N D 37, and the 1xi are a null vector and 36
vectors with each element individually set to a value of Cv. The
main disadvantage of this approach is that factor interactions are
ignored. If signi� cant interactions exist this strategy will usually
produce inaccurate results.

2. Taguchi Orthogonal Arrays ( Of95:64 and Of95:L81)

A better strategythan the OAT methodwould be to conducta full-
factorialexperiment,in which the responseto all of thecombinations
of factor levels is determined. For more than a small number of fac-
tors, the number of experiments required is large. Fractional facto-
rial design requires signi� cantly less experiments and assumes that
higher-order interactions are insigni� cant. Here two of Taguchi’s
designs3 are used: 1) the L64 array, a 64-experiment design for 63
two-level factors [N D 64 and 1xi is de� ned by the array rows,
where the factor values .1; 2/ are mapped onto .0; Cv/]; 2) the L81
array, a 81-experimentdesign for 40 three-levelfactors [N D 81 and
the factor values .1; 2; 3/ are mapped onto .0; Cv; ¡v/]. Although
only 36 factors are required here, all of the array rows were used to
maintain the balanced properties of the arrays.

B. Noisy Phenotype Methods
1. Tsutusi and Ghosh’s Method

Tsutsui and Ghosh reported a noisy phenotype (NP) method for
use with GA optimization.4 During evaluation, a noise vector 1n,
uniformly distributedover the range §v, is added to x j . The � tness
function is

fNP.x j / D f .x j C 1n/ (3)

For this method N D 1, that is, no additional evaluations are re-
quired. The addition of noise to an unrobust design solution will
alter its evaluated value. If the evaluation is worse, then it will im-
mediately have a lower � tness. If the evaluation is improved, its
higher � tness is unlikely to be sustained in subsequent generations
as differentvalues of noise are added. In comparison,a robust solu-
tion is one that is unaffectedby 1n. This method will produce both
good and robust solutionsand is distinct from those that simply add
noise to the � nal evaluatedvalue.4 Some caveats in this methodhave
been shown by Weismann et al.,5 but because of the smoothness of
the search space for this application these were not thought to be
cause for concern.6

2. Modi�ed Tsutusi and Ghosh Method (NP2)

The current authorsmodi� ed the NP method so that both the true
performance and the noisy performancewere evaluated, the � tness
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Fig. 2 Average change in nominal performance, 95% probability limit, and the robustness for the optimized structures achieved using the GAs
detailed in the text, against structures produced using a nominal-performance objective function. (A negative change indicates improvement.)

Fig. 3 Average change in nominalperformance, 95% probability limit, and the robustness against structures produced using a nominal-performance
objective function when normalized against the additional computational expense required.

function value being the worst of these two measures:

fNP2.x j / D max[ f .x j /; f .x j C 1n/] (4)

Thus, for this method N D 2. Functionally, this is only differ-
ent from the NP method when an unrobust solution is evaluated
with arti� cially high noise-inducedperformance.This will limit the
short-term good � tness of these solutions. This modi� cation might
help increase the speed of convergenceof the GA.

IV. Robust Optimization

Using the � ve different � tness functions, Of95:OAT, Of95:L64 , Of95:L81,
fNP, and fNP2, 10 structures were produced in each case us-
ing a different initial random number seed. The GA parameters
were the same as those used to produce the structure shown in
Fig. 1: � ve generations,each of populationsize 200, pcrossover D 0:8,
pmutation D 0:005, and an elitist strategy was used. Full details are
given in Ref. 2. The v in each case was 0.005 m. The perturbation
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vectors are only added during evaluation and do not permanently
affect the design vectors xj in the current GA population. The time
to produce each structure is proportional to N . For the L81 method
each structuretook about5.5 days to produce (compare,1.7 h for the
NP method, where N D 1) on an SGI hardware platform running at
90 MHz. After each optimization f95:300 for the best resultingdesign
from each GA, denotedby xopt, was evaluated to measureaccurately
the expectedperturbedperformance.The resultsare shown in Fig. 2,
where the changes in the average values of f .xopt/, f95.xopt/, and
the robustness r for each method are compared with the average
performanceof the 10 structurespreviouslyoptimizedusing a nom-
inal performance-onlymeasure. r is a measure of the variability of
the performance de� ned as

r.xopt/ D j f95.xopt/ ¡ f .xopt/j (5)

Depending on the speci� c aim of the optimization, either the
worst level of f95 or r might be of primary concern.

The robust-optimal structures are not shown for brevity, but it is
notedthat all of the structureshave irregularanddifferentgeometries
of the nature shown in Fig. 1, and there is no apparent characteristic
to identify the optimal from the robust-optimalstructures.2

V. Results and Discussion
Optimizing for both robust and optimal structures has not com-

promised the average nominal performance but further improved
it by up to 2 dB, except for the L81 method where there was a
small degradation. On average, all methods improved f95 and the
robustnessby up to 3 and 4 dB, respectively.Although the GA using
Of95:OAT to estimate f95 had the best optimizationperformance, it has

been shown that Of95:L64 is the better estimator of f95 (Ref. 6). It is
tentativelysuggested that simply the use of geometric perturbations
for GA optimization is more important for robust design than the
precise details of the perturbations,especially as factor interactions
were not considered.

In Fig. 3 the averaged results are normalized for the additional
computational overhead for each method. It is seen that the suc-
cess of the OAT method is achieved at the cost of a large increase
in computational effort, whereas the NP2 method appears to pro-
vide improvements for little additional overhead. As the NP and
NP2 methods require either no or double the computational effort,
the consideration of robustness need not be expensive. It is, again
tentatively, suggested that the NP and NP2 method are promising
for ef� cient robust-optimal design using GAs of high-dimensional
problems.There was no notabledifferencein the convergencespeed
between these two GAs.

Finally, it is noted that the damping ratio in the structure model
(about0.05 at 200 Hz) is higher than typicallyfound in practice.On-
going work on a practical three-dimensionalstructure suggests that
this value could be 50 times too high.7 With less damping more sen-
sitivity to geometric perturbations is expected, and a higher reward
would be gained from considering robustness in the optimization.

VI. Conclusions
The work brie� y presented here has demonstrated various

schemes that can be incorporated into a genetic algorithm (GA) to
help ensure that robust designs result from such search processes.
They are all based on incorporatingminor perturbationsto the con-
� gurations evolved by the GA to assess their robustness. Of the
methods considered, a series of one-at-a-time variations to the pa-
rameters being optimized yields the most robust designs but at high
computational cost. A modi� ed noisy phenotype method is shown
to be almost as effective at ensuring robustness while being much
more computationallyef� cient.
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Introduction

L IGHTHILL’S equation1 is an exact reformulation of the � ow
equations

³
@2

@ t2
¡ c2

0r2

´
½0 D

@2Ti j

@xi @x j
.x; t/ (1)

where ½0 D ½ ¡ ½0 is the density � uctuation, ½0 and c0 the ambi-
ent density and sound speed, and Ti j D ½u i u j C .p ¡ c2

0½/±i j ¡ ¿i j

the Lighthill stress tensor, with u i the velocity components, p the
pressure, and ¿i j the viscous stresses.The classical interpretationof
Eq. (1) consists of regarding the aerodynamicnoise as solution of a
wave equation in a � ctitious medium at rest. The sound generation
is assigned to the right-hand side, through the tensor Ti j , which is
reducedto Ti j D ½u i u j in unheated� ows at high Reynoldsnumbers.
Thus, as long as Ti j is known, evaluatedfrom the unsteadyReynolds
averagedNavier–Stokes equations,2 from large eddy simulation,3 or
from direct numerical simulation,4;5 Eq. (1) can be solved for noise
predictions.

Because Lighthill’s equation is based on a wave equation in a
medium at rest, the right-hand side contains both sound generation
and � ow effects on propagation.Two parts can actuallybe identi� ed
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